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ABSTRACT 

In a multiply connected space, the two twins of the special relativity twin paradox 
move with constant relative speed and meet a second time without acceleration. The 
twins' situations appear to be symmetrical despite the need for one to be younger 
due to time dilation. Here, the suggestion that the apparent symmetry is broken by 
homotopy classes of the twins' worldlines is reexamined using space-time diagrams. 
It is found that each twin finds her own spatial path to have zero winding index and 
that of the other twin to have unity winding index, i.e. the twins' worldlines' relative 
homotopy classes are symmetrical. Although the twins' apparent symmetry is in fact 
broken by the need for the non-favoured twin to non-simultaneously identify spatial 
domain boundaries, the non-favoured twin cannot detect her disfavoured state if she 
only measures the homotopy classes of the two twins' projected worldlines, contrary 
to what was previously suggested. We also note that for the non-favoured twin, the 
fundamental domain can be chosen by identifying time boundaries (with a spatial 
offset) instead of space boundaries (with a temporal offset). 
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1 INTRODUCTION 

Since the confirmation by Wilkinson Microwave Anisotropy 
Probe (WMAP) observations of the cosmic microwave back- 
ground that the large scale (r > 10h~^ Gpc in comoving 
units) auto-correlation fu nction of temperatu re fluctuations 
is close to zero [fig. 16, ISpergelet all |2003| for thogonallv 
projected spatial scale); fig. 1 of iRoukema et a l.' 2008 (non- 
projected spatial scale)] and difficult to reconci le with a stan- 
dard cosmic concorda nce model (Sect . 7 of ISpergel et al.l 
I2OO3I : though see also lEfstathioul |2004 ) there has recently 
been considerable observational interest in understanding 
multiply connected models of the Universe. The Poincare do- 
decahedral space (PDS) has been proposed as a better model 
of the 3- manifol d of comoving space r a ther than an "infinite" 
flat space (e .g. Luminet et al. '2003'; 'Roukcma ct al.l |2004|: 



Aurich et al.l 2005a b ; Gu ndcrmann 2005; Roukc ma et al.l 
20081 : thoxigh see also iNiarchou fc Jaffell2007l '). Curvature es- 
timates are consist ent with the model : analysis of the 3- 
year WMAP data (jSpergel et al.ll2007l ) results in best es- 
timates of the total density parameter f^tot = l-OlO^o oog 
(when combined with IIST key project on Ho data) and 
^tot = l-015lo oig (when combined with Supernova Legacy 
Survey data), or together with the third, fourth and fifth 
acoustic peaks, as estimated from their observations near 
the South Galactic Pole using the Arcminute Cosmology 



Bolomete r Array Receiver (AC BAR), Qtot = 1-O3to.o6 is 
obtained (|Reichardt et al.ll2008l ). consistently with that ex- 
pected from the PDS analyses, which require positive cur- 
vature in this range of Qtot values. 

It has also recently become noticed that global topology 
in a universe containing density perturbations can, in princi- 
ple, have at least some effect on the metric, even though the 
effect is expected to be small. At the present epoch, in the 
case of a T'^ model of fundamental lengths which are slightly 
unequal by a small fraction S, a new term appears in the ac- 
celeration equation, causing the scale factor to accelerate or 
decelerate in the directions of the thr ee fundamental length s 
in a way that tends to equalise them (iRoukema et al.ll2007l ) . 

In this context, the properties and implications of the 
twin paradox of special relativity in a multiply connected 
space need to be correctly un derstood. It has already been 
shown (iBrans fc Stewar^ll973 : Peters 1983, 1986; Low 199^; 
lUzan et al.ll2002l : iBarrow fc LevinI 120011 ) that resolving the 
twin paradox of special relativity in a multiply-connected 
"Minkowski" space-time implies new understanding of the 
paradox relative to the case in simply connected Minkowski 
space. 

Moreover, it is known that, at least in the case of a static 
space with zero Levi-Civita connection, multiple connected- 
ness implies a favoured space-time splittin g. This should cor- 
respond to the comoving reference frame ( Uzan et al.ll2003 : 
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I Barrow fc Levinll200ll ). This could be of considerable im- 
portance to the standard cosmological model, since it would 
provide a novel physical (geometrical) motivation for the ex- 
istence of a favoured space-time foliation, i.e. the comoving 
coordinate system. 

The difference between the twin paradox of special rela- 
tivity in a multiply connected space relative to that in a sim- 
ply connected space is that in a multiply connected space, 
the two twins can move with constant relative speed and 
meet each other a second time, without requiring any ac- 
celeration. The paradox is the apparent symmetry of the 
twins' situations despite the time dilation effect expected 
due to their non-zero relative speed. It is difficult to un- 
derstand how one twin can be younger than the other — 
why should moving to the left or to the right be somehow 
favoured? Does the time dilation fail to occur? 

As shown by several authors (IPeter^ 1 19831 : ILowI I1990| : 
lUzan et al.ll2002l :[ Barrow fc Levinll200ll )T the apparent sym- 
metry is violated by the fact that (at least) one twin must 
identify the faces of the fundamental domain of the spatial 
3-manifold non-simultaneously, and has problems in clock 
synchronisation. 

lUzan et all (|2002l ') suggested that the apparent symme- 
try is also violated by an asymmetry between the homotopy 
classes of the worldlines of the two twins. 

Here, we reexamine this suggestion. 

The multiply connected space version of the twins para- 
dox is briefly reviewed in Sect. 12.11 the question of clarify- 
ing the asymmetry is described in Sect. 12.21 and a multiply 
connected space-time, with a standard Minkowski covering 
space-time, and the corresponding space-time diagrams, are 
introduced in Sect. 12.31 In Sect. 12.41 the worldlines of the 
two twins, projections from space-time to space, homotopy 
classes and winding numbers are expressed algebraically. 

In Sect. [3] the resulting projections of the twins' paths 
from space-time to space are given and their homotopy 
classes inferred. We also calculate whether or not the gener- 
ator of the multiply connected space and the Lorentz trans- 
formation commute with one another, in Sect. 13.41 

Discussion sugg esting why this result differs from that 
of|U zan et al] l|200 is presented in Sect.|3J including a brief 
description in Sect. 14.21 of how the non- favoured twin can 
choose a time-limited instead of a space-limited fundamen- 
tal domain of space-time. Conclusions are summarised in 
Sect. [5] A thought experiment to develop physical intuition 
of the non-favoured twin's understanding of the spatial ho- 
motopy classes is given in Appendix El 

For a short, concise review of the terminology, geom- 
etry and relativistic context of cosmic topology (multiply 
connected un iverses in the con text of modern, physical cos- 
mology), see iRoukemal l|2000l ') (slightly outdated, but suf- 
ficient for beginners). There are several in-depth review 

* ' ' ' I 1 

papers av ailable (Lac hieze-Rev fc Lu minct 1995; Luminetl 

1 19981 : [Starkman 1998 : .Luminet fc Roukema 1999 ) and work- 
shop procee dings are in Starkmanl (Il998f) and the following 
articles, and lBlanloeil fc Roukemal (|2000l ). Comparisons and 
classification s of different obse r vational strategies, have also 
been made |Uzan et al.l Il999l: iLuminet fc Roukenial 1 19991 : 
lRoukema|[2"002l : iReboucas fc Gomeroll2004h 



We set the conversion factor between space and time 



units to unity throughout: Cgpg^gg_^jjjjg 



= 1. 



2 METHOD: SPACE-TIME DIAGRAMS AND 
WORLDLINES 

The first articles presenting the special relativity twins 
paradox in a m ultiply connected space were apparently 
iBrans fc Stewart! lfl973,l and Peters 1 19S3). There a r e sev - 
eral more recent articles, i ncluding e.g. lUzan et al.l (|2002l ) 
and iBarrow fc LevinI (120011 ) . 



2.1 The twins paradox in multiply connected 
space 

Consider the following description. 

In a one- dimensional, multiply connected, locally 
Lorentz invariant space, one twin moves to the left and one 
to the right in rockets moving at constant relative speed 
to one another. The two twins meet twice, at two distinct 
space-time events. At the earlier space-time event, the two 
twins are of equal ages. At the later space-time event, each 
twin considers the other to be younger due to Lorentz time 
dilation. 

However, this later space-time event is a single space- 
time event — each twin has undergone physical aging pro- 
cesses. If necessary, each twin could carry an atomic clock 
in order to more precisely measure proper time than with 
biological clocks. So there can only be one ordinal relation 
between the two twins' ages at the second space-time event: 
either the leftward moving twin is younger, or the rightward 
moving twin is younger, or the two twins are of equal ageQ 
Which is correct? 

There is no acceleration (change in velocity) by either 
twin, so the usual explanation of the paradox (in simply 
connected space) is invalid. 

However, in this case, the situation is, or at least seems 
to be, perfectly symmetrical. It would be absurd for either 
"leftwards" or "rightwards" movement to yield a younger 
age. 

On the other hand, time dilation implies that the 
"other" twin must "age more slowly". The twins physically 
meet up (for an instant) at the second space-time event, 
which is a single location in space-time, so the "flrst" twin 
objectively measures that the "other" twin is younger, so 
the two twins cannot be equally aged at the second space- 
time event. But then which twin is "the flrst" and which is 
"the other"? 

This question illustrates the apparent symmetry of the 
situation and the apparent implication that "time dilation 
fails". 

Alternatively, if the situation is not symmetrical and 
time dilation occurs as is expected, then what breaks the 
apparent symmetry? Why should leftwards movement by 
favoured relative to rightward movement, or vice- versa? 

Which is correct: is the situation symmetrical with a 
failure of time dilation, or is the situation asymmetrical with 
time dilation taking place? 



^ No quantum mechanical effects are considered in this paper. 
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2.2 Where is the asymmetry? 

In iPeterd (ll983lV iPeterj (Il986l ). lUzan et alj l|2002l ) and 
iBarrow fc LevinI (|200ll l it was shown that the apparent sym- 
metry in the question as stated above is not mathematically 
(physically) possible. There is a hidden implicit assumption 
related to the usual intuitive error common to beginners in 
special relativity: the assumption of absolute simultaneity. 

The necessary asymmetry can be described in different 
ways. One way of explaining the asymmetry is as follows. 

One twin is able to consistently synchronise her clocks 
by sending photons in opposite directions to each make a 
loop around the Universe and observing their simultaneous 
arrival time, and the other twin measures a delay between 
receiving the two photons (or coded signal streams) and is 
forced to conclude that something is asy mmetrical about 
the n ature of her "inertial" reference frame l| Barrow fc Leviiil 
I2OOII ). 

Carrying out this test requires a metrical measurement, 
that of proper time intervals. 

Here, in order to examine lUzan et al.l l|2002l) 's sugges- 
tion that there is a homotopy asymmetry, i.e. an asymme- 
try of topology rather than an asymmetry depending on the 
metric, it is easier to first explain the asymmetry of the 
apparently symmetrical para dox in a more geometric way, 
similar to the presentation in iPeterd (Il983t ). but with some 
additional figures. 



2.3 Multiply connected space-time diagrams 

Figure [T] shows a standard Minkowski space — as covering 
space — for simplicity with only one spatial dimension, for 
two twins moving with constant velocity relative to one an- 
other, hereafter, the "leftmoving" and "rightmoving" twins 
respectively. Specifically, we set the rightmoving twin mov- 
ing at a velocity /3, in units of the space-time conversion 
constant c = 1, towards the right. As a covering space, this 
space is a standard locally and globally Lorentz invariant 
space-time Af . 

We choose a generator g which favours, arbitrarily, but 
without loss of generality, the leftmoving twin. This gener- 
ator, g, a translation of constant length L with 



g{{x,t)) = {x + L,t), V(x,t), 



(1) 



generates the quotient, multiply connected space, M/T, 
where F is the group generated by g, i.e. F = Z. 

This arbitrary choice reveals where an implicit assump- 
tion was made in the presentation of the paradox above: 
a generator matching space-time events in a way that pre- 
serves time unchanged in one reference frame, or in other 
words, a generator which "is simultaneous" in one reference 
frame, is not simultaneous in other frames. Hence, symmetry 
is not possible. 

The generator g identifies points (in three-dimensional 
space, these would be faces of the fundamental domain 
rather than points) in a spatial section at any given time 
t: Ai =A2 and Bi =62 =63. 

The rightmoving twin has x' and t' axes different from 
those of her leftmoving twin, in order to preserve Lorentz 
invariance. She disagrees with the leftmoving twin about 
simultaneity of events, finding, e.g. that space-time event 
A2 occurs before space-time event Ai, space-time event B2 




/ 



P) / B3 



X 



= (L,0) 



Figure 1. Minkowski covering space space-time for a twin (here- 
afer, the "leftmoving twin") with worldline t and coordinate sys- 
tem {x,t), made multiply connected in each spatial section at 
constant time t via the generator (translation) g. A twin moving 
to the right at constant relative velocity /3 (hereafter, the "right- 
moving twin") has worldline t' and simultaneity axis x' where 
t' = 0, defining her coordinate system {x',t'). Space-time points 
Ai and A2 are identical space-time events under the generator g, 
i.e. the single event may in general be called A. Similarly, space- 
time points Bi, B2 and B3 are a single space-time event B. Space- 
time events C and D are distinct from each other and from A and 
B; C and D occur at the same spatial location for the rightmoving 
twin. The worldlines of the leftmoving and rightmoving twins are 
p and q respectively. 



occurs before space-time event Bi, etc. This is shown in 
Fig. El where 7 = (1 - /3^)"^/^ is the Doppler boost. 

So far, this is identical to the situation in simply con- 
nected Minkowski space-time, until we realise that both 
twins must agree that Ai =A2 and that Bi =62 =63. 

While both twins agree that Ai =A2, they disagree as 
to whether or not these are simultane ous events. Using the 
terminology of I Barrow fc LevinI (j200lh . the leftmoving twin 
is able to synchronise clocks, while the rightmoving twin is 
unable to synchronise clocks. 

Writing the Lorentz transformation from (x, t) to {x ,t') 
as a matrix, 



C = 



7 -Pi 
-Pi 1 



(2) 



the generator g, initially expressed in the first twin's coor- 
dinates in Eq. ([T]), can be rewritten using the second twin's 
coordinates as 



g{{x',t')) = {x' + ^L,t' - p-yL) 



(3) 



An intuitive, geometric way of describing this is that 
according to the rightmoving twin, after cutting the covering 
space, non-simultaneous points are pasted together. 
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t' B^=(0,L/([3y)) 




Figure 2. Identical space-time to Figure[T] but shown in the rest 
frame of the rightmoving twin. The identities due to the generator 
g remain correct: Ai =A2 and Bi =B2 =B3, even though they 
are non- simultaneous; g could be described as a non-simultaneous 
generator in the rightmoving twin's reference frame. The world- 
line p of the loftmoving twin is mapped by the generator to a 
physically equivalent copy, pg, running from A2 to B2. Figure |4] 
helps show this is possible by using our three-dimensional intu- 
ition. 




B2 




p 









Figure 3. A space-time region, with constant space and time 
boundaries according to the leftmoving twin's view of space-time, 
shown in Figure [T] embedded in 3-D Euclidean space and pro- 
jected onto the page, or informally, "rectangle A1A2B2B1 rolled 
up into a cylinder and stuck together to make it multiply con- 
nected" . The leftmoving twin's worldline p is shown. 




Figure 4. A space-time region with constant space and time 
boundaries according to the rightmoving twin's view of space- 
time, shown in Figure [2] embedded in 3-D Euclidean space and 
projected onto the page, or informally, "rectangle A1CDB2 rolled 
up and stuck together to make it multiply connected" . The spa- 
tial boundaries of this region, A1B2 and CD, are offset by a time 
interval A2 C = f^-fL before being matched: the result is not a 
cylinder. Note that in space-time, there are two geodesies join- 
ing space-time events Ai and C: one at constant spatial position 
(appearing vertical here), and one at constant time (appearing 
nearly horizontal, but sloped at a moderate angle in this projec- 
tion), and similarly for B2 and D. However, only one of these two 
geodesies — the vertical (timelike) one — can be a worldline of 
a physical (non-tachyonic) particle, so there is no causality viola- 
tion. A simil ar diagram to th is one has earlier been published in 
Figure 5b in IWucknitj 1I2OO4I) . The rightmoving twin's worldline 
q from Ai to B2 is shown. 



Figure |3] shows the cyhnder "cut and pasted together" 
out of a space-time region with constant space and time 
boundaries according to the leftmoving twin. Note that a 
trapezium in Fig.[l] e.g. A1A2B3B2 would serve just as weU 
as the rectangle A1A2B2B1 for this "rolling up" process. As 
long as there are boundaries of constant time t, the result of 
identifying the other two sides of the trapezium is a cylinder. 

This trapezium, A1A2B3B2, is particularly interesting 
when we shift to the reference frame of the rightmoving twin 
in Fig. [2] since the boundaries A1B2 and A2B3 now become 
spatial boundaries: 



t'(A2) 



i'(B2) 

t'(B3). 



(4) 



Cutting and pasting from the rightmoving twin's point 
of view must still identify identical space-time events to one 
another: eit/ier identifying AiBi to A2B2, or A1B2 to A2B3, 
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will correctly apply the isometry to the covering space and 
"paste" together our spatially finite interval in order to ob- 
tain a manifold without any boundaries. (The time domain 
extends infinitely from this rectangle in both the negative 
and positive directions.) 

So, one option for embedding this identification in 3-D 
Euclidean space and projecting it onto the page would be to 
use the same trapezium. 

This corresponds to the rightmoving twin's intuition of 
identifying "two spatial points" to one another while try- 
ing to ignore the nature of space-time as a two-dimensional 
continuum: the set of points along the line segment A1B2 
constitute a single "spatial point" x' = 0, while the set of 
points along the line segment A2B3 constitute a single "spa- 
tial point" x' — 7Z/, a "spatial point" is really a worldline 
— it is not just a single point, it's a curve in space-time. 

However, rather than identifying the "spatial borders" 
of A1A2B3B2 to one another, it is helpful to follow the right- 
moving twin's naive intuition even further. 

Let us try to cut out and then paste together the space- 
time region with both constant space boundaries and con- 
stant time boundaries, i.e. the region A1CDB2. 

The result is shown in Fig. |4] (cf. fig. 5b in IWucknit3 

I2OO4I ). 

This clearly shows the non-simultaneity of the cut- 
ting/pasting process for the rightmoving twin. The rectangle 
in {x' ,t') space-time has to be given a time mismatch when 
it's pasted together. 

This visually illustrates the error in the twins paradox 
in a multiply connected space (as described in Sect. 12. ip : 
the implicit assumption of absolute simultaneity. If we im- 
plicitly assume absolute simultaneity, then we implicitly as- 
sume that there is no inconsistency in supposing that both 
twins can identify spatial boundaries without any time off- 
sets. However, Lorentz invariance is inconsistent with abso- 
lute simultaneity; hence, the asymmetry: at most one twin 
can simultaneously identify spatial boundaries. Of course, 
neither the leftmoving twin nor the rightmoving twin are 
necessarily favoured. A complete, precise statement of the 
problem needs to arbitrarily favour one twin over the other: 
either the leftmoving or the rightmoving twin may be cho- 
sen, but one of them must be chosen to be favoured in order 
for the space-time to be self-consistent. 

This also illustrates the potential interest for cosmol- 
ogy: several authors note the existence of a favoured iner- 
tial reference frame implied by the multiple-connectedness 
of a (static) space-time whose covering space-time is 
Minkowski and that this could provide a physical motiva- 
tion for the comoving coordinate system (|Uzan et al.ll20o3 : 
iBarrow fc Levinll200ll) . 

2.4 Worldlines, projections, homotopy classes and 
winding numbers 

Is the apparent (erroneous) symmetry of the two twins' sit- 
uations broken by asymmetry between the homotopy classes 
of the two tw ins' projecte d worldlines ("spatial paths") in 
some way.' In|u zan et al] ([2002) it was suggested that the 
twin who simultaneously identifies spatial boundaries (in 
this paper, the leftmoving twin) has a spatial path of zero 
winding index, while the rightmoving twin has a spatial path 
of non-zero winding index. 



2.4.1 Worldlines 

We consider the worldlines of the two twins between the two 
space-time events A and B, using Figs [T] and [5] and Eqs 
((2]) and ([3]) . A superscript "L" or "R" is used to denote which 
reference frame is being used for expression in a particular 
coordinate system. 

The leftmoving twin's worldline, p = AiBi, can be writ- 
ten in her own reference frame as 

= |(0,r):0<r<||, (5) 

using her proper time r (see Fig. 

A copy of the leftmoving twin's worldline as mapped by 
g can be written, using Eq. as 

Pg = {9{{^,i)) ■ ^ P} 



= (^,r):0<r< 



We can write this in the rightmoving twin's frame using 
Eq. (HJ: 



pf = \l{L-f3T,-f3L + r):0<r<^ 



(7) 



The rightmoving twin's worldline, q = A1B2, can be 
written in her own reference frame as 

q- = {(0,.'):0 </<!-} (8) 

using her own proper time r' (see Fig. [2]), or equivalently in 
the leftmoving twin's frame, using and Eq. (0, as 



= |(/37r',7r'):0<r'<^|. 



(9) 



2.4.S Projections from space-time to space 

lUzan et al.l l|2002h state that "the asymmetry between [the 
two twins'] spacetime trajectories lies in a topological invari- 
ant of their spatial geodesies, namely the homotopy class" . 

In order to consider spatial geodesies in the two twins' 
reference frames, we need to project from space-time to 
space in each of their reference frames. 

Let us write these projections (j> and 0' algebraically in 
the leftmoving and rightmoving twins' frames in the most 
obvious way: 



(f>{{x,t)) = X 
and 

0'((x',t')) = : 



(10) 



(11) 



Using Eqs ([1} and©, the generator g can then be 
rewritten in projected form as 



g^{x) = x + L, Va; e R, 
and 

g^i {x') = x' + jL, \fx' e 



(12) 



(13) 



in the two twins' frames respectively. 

The two spaces which space-time is projected to are 
clearly both equivalent to R/F = , where the group F 
is defined by the generator or g^i for the leftmoving or 
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rightmoving twin respectively. The length (circumference) 
of is L or jL respectively. 

It is important to note here that in the absence of met- 
ric information, the two twins do not know anything more 
than this about the nature of their respective spaces, and they 
do not know how their spaces relate to spatial sections, i.e. 
subspaces of the covering space M. 

In fact, metric information gives an important difference 
between these two (in this paper, one-dimensional) spaces; 
the rightmoving twin's constant time hypersurface has a 
time mismatch after "going around" the universe once. How- 
ever, here the question is to examine the topological nature of 
the twins' spatial paths in the absence of metric information. 
The space-time point of view which the rightmoving twin 
would have, if she had metric information available (e.g. by 
sending out photons and measuring proper time intervals), 
is irrelevant. 



2.4.3 Homotopy classes and winding numbers 

Similarly to lUzan et al] l|2002l ). we write that two loops in 



at A are homotopic to one another, 



Pi ~P2 



(14) 



"if they can be continuously deformed into one another, i.e. 
that there exists a continuous map" F : [0, 1) x [0, 1) R/F 
satisfying 

VrG[0,l) , F(r,0) =pi(r),F(r,l) =p2(r) 

Vse[0, 1) , F(0,s) = F(l,s) = A (15) 

As in lUzan et al.l l|2002l ). we will assume that no proof 
is needed that 9^ {0}, and we define the winding number 
as the "the number of times a loop rolls around" the circle 
. Since the aim is to see if the leftmoving and rightmov- 
ing twins' points of view can be distinguished in order to 
determine who is favoured, we need indices on the winding 
number to indicate whether it refers to the worldline of the 
leftmoving or rightmoving twin, and from whose point of 
view. 

Again, we use the superscript "L" or "R" to denote 
which reference frame is being used. A twin's point of view of 
her own winding number is denoted by an empty subscript, 
and the subscript "other" is used for a twin's point of view 
of the other twin's winding number. That is, the leftmoving 
twin measures her own winding number A''^ and the other 
twin's winding number -^Q^jjgj.) a-nd the rightmoving twin 
measures her own winding number A'^^ and the other twin's 

winding number A'^^^her' 

In each case, the winding number is positive in the di- 
rection of motion of the "other" twin. 



3 RESULTS 

3.1 The leftmoving twin 



Figure [5] shows that p = AiBi projects to a point, and 
A1B2 projects to a closed loop. As stated in lUzan et al.l 



(2003), the former path has a zero winding index, while the 
second has a unity winding index: from the point of view of 
the leftmoving twin, there is a difference in the two twins' 
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Figure 5. Space-time as viewed by the leftmoving twin, as in 
Figure \3\ including the worldlines p and q of the leftmoving and 
rightmoving twins respectively, corresponding to AiBi and A1B2 
in the covering space-time as shown in Figure [l] and showing 
their projections from space-time into space under the projec- 
tion (f> given in Eq. mOI I. Arrows indicate increasing proper time 
along each worldline. The worldlines are given algebraically in 
Sect. [2Xn 



winding numbers. However, we haven't yet checked if the 
winding numbers are relative or absolute. 

We evaluate the winding numbers as follows. Using the 
two twins' worldlines from the leftmoving twin's point of 
view, Eqs ((5| and ([Qj, and projecting them with Eq. (|10|) . 
we have 



(f){p) = (f){p 
and 

0(g) = <P{<1^ 



{0} 



(16) 



p-fT : < r' < 



= {A : < A < L}. 
Since (?0(O) = L from Eq. ([T2|l . clearly 

m ~ {0} 

and 



(17) 
(18) 
(19) 



in the sense of Eq. (|14p . so that the winding index of the 
leftmoving twin is zero, i.e. 



A-^ = 



and that of the rightmoving twin is unity. 



^other - 1- 



(20) 
(21) 
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and 



►a 
a 
I 



^2 ^1 

projection (|)' 

rightmoving twin • (|) ' (q) 



o 



leftmoving twin 



Figure 6. Space-time as viewed by the rightmoving twin, as 
in Figure U including the worldlines q,Pg of the leftmoving and 
rightmoving twins respectively. These correspond to A1B2 and 
A2B2 in the covering space-time as shown in Fig. [2] Also shown 
are their projections from space-time into space under the pro- 
jection </)' given in Eq. mil l. Arrows indicate increasing proper 
time along each worldline. The worldlines are given algebraically 
in Sect. 12X11 



3.2 The rightmoving twin 



A1B2 projects to a point, and 



Figure |6] shows that q 
Pg = A2B2 projects to a closed loop. The former path has 
a zero winding index, while the latter has a unity winding 
index: from the point of view of the rightmoving twin, there 
is a difference in the two twins' winding numbers. However, 
if each twin each assume that she is stationary and that the 
other is moving away, as we have assumed throughout, then 
they also disagree regarding the winding numbers: neither 
simultaneity nor winding number is absolute. 

We evaluate this algebraically as follows. Using the two 
twins' worldlines from the rightmoving twin's point of view, 
Eqs (0 and ^ and projecting them with Eq. ([TTJ , we have 



<t>'iPa) = (P'iP: 



7(L - /3r) : < r < 



L 



4>'{q) = ^'{q") 



{0}. 



(23) 



Eq. (|23|l shows that in this case, the rightmoving twin 
has winding index zero: 



iV" = 0. 



(24) 

Since g'^{0) = 7L from Eq. ([IS}, Eq. ((22]) clearly gives 



(t}'{Pg) ~ 



(25) 



Using the sign convention which we use globally here for the 
X or x' coordinates, the winding index of the leftmoving twin 
in this case would be —1. More usefully, using the winding 
number convention described in Sect. 12.431 i.e. the winding 
number is positive in the direction of motion of the "other" 
twin, this becomes 



^other - +1- 



(26) 



3.3 Summary: both twins 

In summary, from Eqs. ((20ll, ([21}, and ((26]), we have 



other 

■R 

other 



(27) 



Clearly, the homotopy classes of the twins' worldlines do 
not reveal the asymmetry of the system: each twin considers 
herself to have winding index N — and the other twin to 
have Another = 1- 



3.4 Commutativity of the generator g and the 
Lorentz transformation jC 



lUzan et al.l (|2002l ') also suggested in their eqs (6)-(8) that 
the generator g does not commute with the Lorentz trans- 
formation. Here we calculate this explicitly. 
Equation ([2]) gives 



goC({x,t)) 



g o (7a; — Pjt, ~j3'yx + "ft). 



(28) 



Applying the generator in the appropriate reference frame, 
Eq. @, gives 

goC{{x,t)) = [(7a; - /37t) + 7L, (-/37a; 7i) - /37L] 

= 'y[x-l3t + L,t-P{x + L)]. (29) 

Equation ([T} gives 

£og{{x,t)) = £o{x + L,t). (30) 

The Lorentz transformation, Eq. ([2)), gives 

£ o (x -f L, t) = [7(a; + L) ~ l3'yt, -fi-yix + L) + 7*] 
= "f[x- I3t + L,t- I5{x + L)] 
= goC{{x,t)), (31) 



(22) 



where the last equality uses Eq. (I29|) . These last two equa- 
tions give 

Cog{{x,t)) = goC{{x,t)). (32) 

This result is in contrast to lUzan et al.l ()2002h 's sugges- 
tion that goC 7^ Cog. It is not obvious why our results differ. 
Here, we consider <; € F to be a holonomy transformation on 
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Figure 7. As for Figure [5] but showing that the two worldlines 
together form a single closed loop in space-time. Neither worldline 
constitutes a closed curve alone, prior to projection. 



the covering Minkowski space M, indep endently of any par - 
ticular coordinate representation. As in lUzan et all (|2002D . 
we consider £ to be a transformation "from one frame of 
space-time coordinates to another system". 



4 DISCUSSION 

The res ults summa r ised in Sect. |3^ differ from the conclu- 
sion m lUzan et al.1 l|2002D . where it was pointed out that 
since winding indices are topological invariants, "neither 
change of coordinates or reference frame (which ought to be 
continuous) can change [the winding indices'] values", i.e. 
the rightmoving twin and the leftmoving twin should agree 
that the leftmoving twin has a zero winding index and the 
rightmoving twin a unity winding index. 

This argument does not take into account the nature 
of the projection from space-time to space. The argument 
is correct in that the topologically invariant nature of wind- 
ing indices is valid in space-time, but is not necessarily valid 
in the worldlines after projection from space-time to space. 
The projection from an n-dimensional manifold to an (n— 1)- 
dimensional manifold does not (in general) conserve all topo- 
logical properties of subspaces: while a continuous projection 
conserves continuity, it does not conserve non-continuity. 

For example, consider a discontinuous path pi — 
{{x,f{x)) Va; £ [0, i)} in the leftmoving twin's reference 
frame, where f{x) is a step function, i.e. a function discon- 
tirmous for some values x G [0,L). This projects under (j) 
to a continuous, closed loop. Similarly in higher dimensions: 
consider 5*^ C R'^, which can be continuously deformed into 
something resembling a mess of string with the two ends tied 
together and not touching itself anywhere. Project this from 
Euclidean 3-space into the Euclidean 2-plane. The projec- 
tion will (in general) be a graph with many nodes, not . 

In fact, the worldlin es (e.g. those labelled 1, 2, 3, 4 in 
fig. 2 in lUzan et al.ll20o3 ) are all open curves in space-time, 
i.e. each of them is in the same homotopy class as a single 
point. Figures [5] and |6] show that these open curves only 
become either a loop or a point after projection. The pro- 




Figure 8. Identical space-time to Figure |2] again in the ref- 
erence frame of the rightmoving twin, showing part of a hyper- 
surface at constant time for the rightmoving twin as thick hor- 
izontal line segments. Space-time events Ci and C2 are identi- 
cal to one another (the generator g identifying equal space-time 
events is illustrated); space-time events Ei, E2 and E3 are iden- 
tical to one another. A is a single space-time event, C is a single 
space-time event, and E is a single space-time event. The fun- 
damental domain (FD) can be written as a space-limited region 
with unconstrained time (shaded with a backslash "\") and a 
time offset when matching boundaries. It can also be written as 
a iime-limited region with unconstrained space (shaded with a 
forward slash "/") and a space offset when matching boundaries. 
Within this FD, consider an observer at rest in this frame, capa- 
ble of making metric measurements, located at space-time event 
A and shown in the covering space at Ai. For this observer, the 
events C and E happen "over there and simultaneously to A". 
The observer will arrive at those spatially distant events with- 
out any motion, simply by waiting. See Fig. |9] for a cylindrical 
representation of the time-limited FD. 



jection can convert a discontinuity into a continuity (or a 
continuum of points into a single point). 

In space-time, it is the union of the two twins' worldlines 
(two different paths in space-time from space-time event A 
to space-time event B) which forms a closed curve, not either 
worldline alone. This is shown in Fig. [T] 

This is why a "change of coordinates or reference frame" 
using a continuous function can change the winding index 
values of two worldlines, if those two worldlines are projec- 
tions from (n -f l)-space-time to n-space, considered in two 
different reference frames. 

Nevertheless, with the use of metrical information and 
space-time rather than just space, it is interesting to note 
some different possibilities of what "space" could correspond 
to if thought of as a subspace of the covering space-time M. 



4.1 The nature of spatial sections differs for the 
two twins 

Let us now use our knowledge of metrical information for 
considering the nature of "space", i.e. spacelike sections of 
space-time, for the two twins. 

A spacelike section of space-time at constant time for 
the leftmoving twin connects with itself and is clearly . 
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Figure 9. A time-limited choice of the fundamental domain ac- 
cording to the rightmoving twin's view of space-time, embedded 
in 3-D Euclidean space and projected onto the page. See Fig. |8] 
and Sect. l472l Ci and C2 are a single space-time location; Ei and 
E2 are a single space-time location. Time boundaries are iden- 
tified to one another with a spatial offset. Some of the multiple 
topological images of the worldlines of the leftmoving and right- 
moving twins are labelled as previously, i.e. pg and q respectively, 
as well as Pgog = g{Pg)- The positive spatial and time directions 
are shown as x' and t' respectively. 

In contrast, a spacelike section of space-time at con- 
stant time for the rightmoving twin does not connect with 
itself: there is a time offset of /S'yL after one loop. For a 
spacelike section to connect with itself, it would need to be 
at non-constant time. This is not a problem for topological 
measurements in the absence of metrical information: the 
rightmoving observer who sends out slow moving probes 
equipped with neither clocks nor rods and having speeds 
which cannot be precisely calibrated will assume that space 
is S\ 

In the covering space, this could be most simply inter- 
preted as replacing Eq. by a projection from AI to a 
subspace <Z M defined: 

</'sub((^''*')) = {x',-fix) (33) 
in the rightmoving twin's reference frame, or equivalently, 
'^sub((^.*)) = {x-l3t,Q) (34) 

in the leftmoving twin's reference frame. In other words, 
the subspace 5*^ of M correspond to the rightmoving twin's 
interpretation of space from topological measurements alone 
would most easily be modelled as a spatial hypersurface of 
constant time for the leftmoving twin. 

4.2 The fundamental domain may be "periodic" 
in time instead of space 

While the rightmoving (non-favoured) twin making only 
topological measurements does not know that her "space" 
consists of a set of space-time points at differing times t' , 
the nature of what would be her constant time hypersurface, 
if she were able to determine it, reveals an interesting prop- 
erty of a multiply connected space-time for a non-favoured 
observer: the fundamental domain can he chosen by match- 
ing time boundaries instead of space boundaries. Figures [8] 
and [5] illustrate this situation. 

The fundamental domain of this space-time can either 
be described as the region 

D,, = [0,7L)xR, (35) 



expressed as the direct product of a spatial interval as the 
first parameter and a time interval as the second, or as 

Dt> = Rx[0,l3-fL), (36) 

again with space first and time second. 

The former, D^i , is the "obvious" fundamental domain, 
satisfying 

[j{9\D,,),\/iez} = M 

9\D^,)r\g\D^,) = 0, Vi/ eZ (37) 

where the generator g is easiest to use if expressed in the 
rightmoving twin's reference frame, i.e. as in Eq. and 

9'^ = 9° 9, 9'^ ° 9 = g° = I, etc. 

The latter, Dfi , is the more surprising fundamental do- 
main, satisfying 

y{(;'(AO,ViGz} = M 

g\Dt,)f}g\Dt,) = 0, \/i ^ j,i, j & Z, (38) 

again where g is best expressed using Eq. (|3]). 

What is surprising is that a verbal description of Dfi 
could be "time is periodic for the non-favoured twin" . How- 
ever, this description omits important information; a more 
complete description would be "time is periodic, but with a 
spatial offset, for the non-favoured twin". 

In other words, the ability to choose a time-limited fun- 
damental domain does not mean that events periodically re- 
peat themselves from the rightmoving twin's point of view, 
since the generator of the periodicity does not yield an offset 
by a vector (0, P'yL). What it yields is a space-time offset by 
(an integer multiple of) the vector (7 1/, —f3"fL). 

We could also say that for a non- favoured twin, the 
space-time periodicity is "diagonal" to the space-time axes, 
i.e. 

Va / 0, 6 / 0, a, fe G R, (a;', t') € M, 
g{ix',t'))^{x' + a,t'), g{{x',t'))^{x',t' + b). (39) 



5 CONCLUSIONS 

Finding an asymmetry in the twin paradox of special rela- 
tivity in a multiply connected space is less obvious than in 
a simply connected space, since neither twin accelerates. It 
was already known that the asymmetry required is the fact 
that (at least) one twin must identify space-time events non- 
simultaneously and has problems in clock synchronisation. 

Here, space-time diagrams and the corresponding alge- 
bra have been presented in order to examine whether or not 
the homotopy classes of the twins' worldlines provide an- 
other asymmetry. They show that homotopy classes (num- 
bers of windings) do not show which of the two twins of the 
twin paradox has a preferred status, contrary to what was 
previously suggested: each twin finds her own spatial path 
to have zero winding index and that of the other twin to 
have unity winding index (in the direction of travel of the 
other twin). 

Although the twins' apparent symmetry is broken by 
the need for the non-favoured twin to non-simultaneously 
identify spatial domain boundaries, and by the non-favoured 
twin's problems in clock synchronisation (provided that she 
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has precise clocks) , the non- favoured twin cannot detect her 
disfavoured state by measuring the topological properties of 
the two twins' worldlines in the absence of precise metric 
measurements with clocks or rods. 

On the other hand, a non-favoured twin capable of mak- 
ing precise metric measurements will notice many surprising 
properties of space-time. For example, a non-favoured twin 
could define the fundamental domain of space-time to be 
R X [0, PfL) where the first dimension is space and the sec- 
ond is time. In words, time would be "periodic with period 
PyL and a spatial offset when matching time boundaries" as 
an alternative explanation to having space be "periodic with 
period 7L and a time offset when matching space bound- 
aries" . 
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APPENDIX A: THOUGHT EXPERIMENT: 
STRETCHABLE CORD BETWEEN THE TWINS 

Since we are interested in topology, suppose that neither 
twin has precise measuring rods or clocks, though both twins 
may have very approximate methods of measuring metric 
properties. Neither twin is aware that when she completes a 
loop of the Universe, she may detect a time offset. However, 
both twins have read history books and are aware of claims 
that "space is multiply connected" , so they attempt to verify 
this experimentally. 

We can imagine that at event A, the two twins instan- 
taneously create a highly stretchable physical link between 
them, such as a light-weight string or cord of negligible mass 
and extremely high strength against breaking. As they move 
apart, the cord stretches, preserving the topological proper- 
ties of space connectedness, while ignoring time. 

We could alternatively imagine that one of the twins 
leaves behind a "trail" of some sort, e.g. like the vapour 
trail of an aircraft visible by human eye from the ground. 
However, in this case, we have to be careful to avoid thinking 
of the particles in the vapour trail as being at rest in any 
particular frame, since otherwise we favour one of the two 
twins arbitrarily. 

Now consider the state of the cord "at" event B, when 
the two twins meet up again and join the two ends of the 
cord together. B is a single space-time event. Even though 
the two twins disagree about space-time coordinates of the 



Homotopy symmetry in twin paradox 11 



event, they agree that it is a single event and agree that they 
have physically joined the two ends of the cord. Clearly the 
cord now forms a closed loop, of winding index one. 

Note that the word "at" is, in fact, misleading, for two 
reasons. 

Firstly, it is misleading because event B is just one 
space-time point among a whole set of space-time points 
where the particles constituting the cord are located, but 
"the state of the cord" is only of interest at this point of the 
discussion in the local neighbourhood of event B. It is diffi- 
cult to avoid intuitively thinking of "the state of the cord" , 
i.e. of the state of a spatially extended object "at" the time 
of the event B, which is wrong, because it assumes simul- 
taneity. A better way of thinking of the cord is presented 
below. 

Secondly, it is misleading because the word "at" sug- 
gests a mono- valued time coordinate for a single event. The 
reality is that just as in a multiply connected space, a sin- 
gle (physical) spatial point exists at many spatial points 
in the covering space, the situation is similar in a multi- 
ply connected space-time: a twin (observer) finds that a 
single space-time event exists at many (in general) non- 
simultaneous space-time points in the covering space-time. 
One twin happens to be favoured and finds that the multiple 
space-time copies of a single event are simultaneous, but the 
other twin, moving with a different velocity, has a generator 
which is "diagonal" to her space-time axes. 

Figs [T] and [2] can help to understand the space-time 
nature of the cord and to avoid the implicit assumption of 
simultaneity. 

From the leftmoving twin's point of view, in Fig. [TJ 
the cord can always be considered as a simultaneous object, 
i.e. a series of successive "snapshots" of the cord consist of 
horizontal line segments joining AiBi and A1B2, starting 
at A and sliding up to a final state of B1B2 which for the 
leftmoving twin, is the state of the cord "at" the time of 
space-time event B. 

The rightmoving twin's point of view is similar, except 
that as can be seen in Fig. (2] "simultaneous" snapshots of the 
cord, i.e. horizontal line segments joining AiBi and A1B2, 
starting at A and sliding upwards, have a problem when 
the right-hand end of the cord arrives at B2. At this point, 
the left-hand end of the cord has not yet arrived at Bi — 
according to the righmoving twin's notion of simultaneity. 

However, Bi and B2 are a single physical space-time 
event: the space-time event of joining the two ends of the 
cord together occurs non-simultaneously according to the 
rightmoving twin. 

This is intuitively difficult to imagine. One way that the 
rightmoving twin could think about this could be that "as" 
the cord slides up from event A, it tilts in some way so that 
when/where the two ends of the cord are joined at B, the 
cord can be imagined as stretched along the line segment 
B1B2 — along a series of space-time events which are non- 
simultaneous. This requires the use of some arbitrary affine 
parameter to define "as" for the rightmoving twin, i.e. a 
parameter that is something like time but is not physical 
time. Of course, the simplest option for this parameter is the 
leftmoving twin's time coordinate, but this does not make it 
any easier for the rightmoving twin to develop her intuition 
about it. 

If we consider the cord to be "stretched" rather than 



"unrolled" , so that the parts of the cord closest to each twin 
are (nearly) stationary with respect to that twin, and if the 
cord is created containing a mix of isotopes of radioactive 
elements in initially known proportions, then at event B, the 
proper times at the two ends of the cord will be measurable 
by measuring the isotopal mixes. 

In this case, both twins will agree that not only the 
rightmoving twin has aged less, but also that the end of 
the cord "held" by the rightmoving twin is younger than 
the end of the cord "held" by the leftmoving twin. So al- 
though the joined-up cord forms a single closed loop, its 
non-simultaneous nature is revealed by the discordant ages 
(isotope mixes) of the two ends that are joined up at B. 

This is dependent on the thought experimental setup 
requiring the cord to be locally (nearly) at rest with respect 
to each twin, i.e. the cord is "stretched". With a different 
experimental setup for the behaviour of the cord, the ag- 
ing of the cord occurs differently, and can be calculated by 
studying the worldlines of the particles composing the cord. 

Now that we have some way of seeing either twin's way 
of thinking of this closed loop from Bi to B2, whose path 
through space (projection of worldline to a spacelike hy- 
persurface) does this loop represent? Each twin considers 
herself to be stationary, and the other twin to be moving 
"rightwards" or "leftwards" , respectively. So each twin con- 
siders her own path through space to be a single point — 
a path of zero winding index — and that of the other twin 
to be a closed loop — a path of winding index unity repre- 
sented by the cord. Each twin considers the other twin to 
have pulled and/or stretched the cord so that eventually the 
two ends could be joined, not herself. 

This is just an intuitive way of thinking of the pro- 
jections described above: an observer in a spatially multi- 
ply connected, locally Lorentz space-time, who is unable to 
make high-precision spatial and temporal measurements but 
can measure topological properties of space is unable to use 
the homotopy class of her spatial path (projected worldline) 
to detect the fact that she is either a favoured or a non- 
favoured observer. 

Of course, if we understand the full nature of this space- 
time, then we can note that the nature of "the cord" for at 
least one of the twins is a cross-section through space-time 
at non-constant time, as noted above. This is necessary in 
order for event B to be a single event in space-time. It can 
also to help to remember a key idea in resolving the "pole 
in the barn paradox" of simply connected Minkowski space: 
neither a pole nor the door-to-door path of a barn is a one- 
dimensional object — both are two-dimensional space-time 
objects. The "length" of any such object depends on the 
choice of the reference frame, or in other words, the choice 
of spacelike cross-section. 

Yet another useful way of thinking of a pole is as a 
"worldplane" — a collection of worldlines. Our ordinary in- 
tuition of a pole as a one-dimensional object is due to our 
implicit assumption of absolute simultaneity. We can think 
of the cord stretched between the two twins and joined up at 
event B to be the entire filled- in area of the triangle A1B1B2 
in Figs [1] and [2] — a two-dimensional space-time object. 
Depending on various possible thought experimental setups 
for creating/producing/stretching the cord, various sets of 
worldlines for the particles composing the cord are possible, 
but in each case would fill in this triangle. 



